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Abstract— The static behavior of a Thulium doped fiber 
amplifier (TDFA) operating around 2 µm region at different  
pump wavelengths is investigated in this paper. A theoretical 
model is built up by solving a set of rate and propagation 
equations with considering the effect of cross relaxation 
mechanism. The developed model provides the influences of the 
amplified spontaneous emission (ASE) noise, seed wavelength 
and the thulium-doped fiber length into the TDFA performance. 
Simulation results indicate that the TDFA performance with 
pump at 1570 nm is more efficient than pump at 793 nm for core 
pumped thulium-doped silica fiber. Our findings show that the 
maximum gain reaches up to 30 dB with a 27 dBm pump power  
when a -10 dBm seed wavelength at 1840 nm is used. In contrast 
to indirect pumping at 793 nm, only 22 dB maximum gain is 
achieved under the same conditions. The model is also validated 
with previous experimental work. Our simulations are consistent 
with the experimental findings with small variations.   
 
Index Terms—Thulium-doped fiber amplifier, amplified 
spontaneous emission, silica glass material, cross relaxation 
process.  
I. INTRODUCTION 
VER the past few years, fiber laser sources around 2 µm 
are emerging as an attractive technology for a large 
number of researches. There are many applications for 
instance longer-wavelength laser pumping, atmospheric 
measurements,  laser radar, laser plastics material processing, 
gas detection, biomedical and medical applications such as 
laser angioplasty, ophthalmic procedures, laser lithotripsy, and 
laser surgeries [1-5]. More recently the wavelengths around 2 
µm have been proposed as a potential new window of data 
transmission for several reasons. Firstly, the hollow-core 
photonic band gap offers low loss window at 2 µm [6,7]. 
Secondly, thulium-doped fiber amplifiers (TDFAs) have 
recently been developed and characterized for optical 
communications, indicating low noise amplification and high 
gain in the 2 µm spectral region [8]. Finally, the emission 
spectrum of the 3H4 – 3H6 transition in TDFA covers about 30 
THz  (1700-2100 nm)  of  amplification  bandwidth in a single 
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device more than two times that of the erbium-doped fiber 
amplifier (EDFA) with the same configuration and complexity 
[9].  
Two kinds of pumping approaches have already been 
proposed for TDFAs and lasers at 2µm: fiber laser pumping at 
1558 nm (in-band pumping) [10] and diode pumping at 795 
nm ( indirect pumping) [11]. In-band pumping has limited 
diffraction and a significantly brighter beam than indirect 
pumping; these are important attributes for power scaling [12]. 
In contrast, it has been determined that high efficiency lasers 
can be reached by an indirect pumping due to the so-called 
cross-relaxation process [13]. The Tm3+ cross-relaxation is a 
non-radiative process in which two thulium ions in the 3H4 
upper laser level can be generated by a single excited thulium 
ion in the 3F4 level [14]. Experiments using thulium-doped 
fibers indicate that the probability of the Tm3+ cross-relaxation 
strongly depends on the doping concentration. In addition, it is 
necessary to consider the influences of cross relaxation even at 
in-band pumping which lead to reduced the laser efficiency 
[15]. However, high Tm3+ doping concentration is restricted in 
silica glass therefore the cross relaxation process is limited in 
the fiber lasers. Furthermore, silica glass is not an ideal host 
for the 2 µm laser transition because of the high phonon 
energy (1100 cm-1) of the silica glass network. As it can 
significantly quench the upper laser level and dramatically 
lower the quantum efficiency. Consequently, the output power 
and the quantum efficiency of Tm3+ silica fiber lasers are quite 
limited [16]. Thus, we select the Thulium concentration at 
1.25 wt% and co-doped fiber with alumina to avoid the 
concentration quenching.  
To achieve the best performance of practical systems, it is 
necessary to optimize the characteristics of lasers and 
amplifiers by using theoretical modeling and simulation. 
There are a lot of theoretical modeling results published for 
erbium and ytterbium-doped fiber lasers and amplifiers 
[17,18]. However, there are only a few works on the 
theoretical modeling and simulation of thulium-doped fiber 
lasers and amplifiers at 2 µm [19,20]. In addition these models 
do not take into account the influence of the amplified 
spontaneous emission noise on the performance of the lasers 
or amplifiers. Furthermore, there is no fair comparison of the 
TDFA performance for the different pump wavelength 
schemes at 3H4 – 3H6 transition. Jackson et al. [21] have 
demonstrated that an in-band laser outperforms indirect 
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2 
pumping, but they determined this without considering ASE 
noise or the cross relaxation effect on in-band pumping 
scheme. In addition, the results of that study are focused on 
the characteristics of a laser, not an optical amplifier. 
Here, we present a theoretical model of thulium-doped fiber 
amplifiers operating at 2 µm by solving a set of rate and 
propagation equations for in-band and indirect pumping, and 
taking into account the influences of cross relaxation in both 
pump schemes. Our model considers the effect of amplified 
spontaneous emission noise, the wavelength of the seed, as 
well as the length of the thulium-doped fiber. A MATLAB 
program is developed to investigate the TDFA performance 
when the thulium-doped silica fiber is pumped into the 3H4 
(in-band pumping) and into the 3F4 (indirect pumping) 
absorption bands. Finally, the simulation results are compared 
with the published experimental measurements to check and 
evaluate the accuracy of our model. 
II. NUMERICAL MODELING OF TDFA 
The lowest Thulium-energy levels are sketched in Fig.1 where 
the pump, signal transition and the cross relaxation C 
mechanisms are indicated. According to the chosen pumping 
scheme, a separate numerical model is constructed based on 
Jackson [21] and added the influence of cross relaxation 
mechanism at both pump schemes. The numerical model 
consists on the rate equation of the electronic excitation in the 
thulium ions. The atomic rate equations describe the 
interaction between the pump, the signal and the ASE light in 
the TDFA. The populations in the energy levels can be 
estimated from the rate equations under any pump and signal 
power conditions. Figure 1 shows the four lowest energy 
manifolds of trivalent thulium ions. The population density N2 
is ignored [24] because the lifetime of this energy level is 
quite short typically 0.007 µs compared with other energy 
levels. Hence, most of the thulium ions at level 2 are rapidly 
transferred  to energy level 1 by nonradiative relaxation.  
 The pump transition Wp03, Wp01 and Wp10, signal transition 
Ws01 and Ws10, and cross relaxation process C are indicated. 
The energy manifolds are numbered 0–3, and these 
denominations will be used throughout our model. Notes the 
model assumes that only the core of the fiber is pumped. 
 
A. Model for in-band pumping scheme 
Based on Jackson’s model and incorporating the cross 
relaxation process [15], the rate equations modeling of the 
thulium-doped fiber amplifier at any position along the 
thulium-doped fiber length at the in-band pump scheme when 
the 3H4 energy level is directly excited are as follows: 
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Where C is the cross relaxation process and is given by: 
 
     
2
3101 0 3 1310 1( , ) ( , ) ( , ) C k N z t N z t k N z t= −                  (4) 
 
Here 𝜏1  and 𝜏3 are the spontaneous lifetime of 3H4 and 3F4 
levels, 𝑁!(𝑧, 𝑡), 𝑁!(𝑧, 𝑡), 𝑁!(𝑧, 𝑡) are the population densities 
of 3H6, 3H4 and 3F4 levels respectively, NT is the Tm3+ 
concentration and set to be a constant; β31 is the branching 
ratio of the spontaneous transition from level 3 to 1.  k3101 and 
k1310 are the cross-relaxation constants. wp01 is the pumping 
rate from 3H6 to 3H4 and wp10 represents the de-excitation of 
the 3H4  level, ws10 is the stimulated emission rate from 3H4 to 
3H6, and ws01 is the stimulated absorption rate from 3H6 to 3H4. 
The expressions of wp01, wp10, ws10 and ws01 are given as 
follow: 
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Where h is the Planck constant; c is the light speed in 
vacuum; λp and λs are the wavelengths of the pump light and 
the signal light in vacuum, respectively; Γp and Γs are the 
confinement factor for the pump and the signal, respectively; 
Acore is the cross-section area of the fiber core; σa(λp) and σa(λs) 
are the absorption cross sections of the pump light and the 
signal light, respectively; σe(λp) and σe(λs) are the emission 
cross-sections of the pump light and the signal light, 
respectively; 𝑃!±(𝑧) and 𝑃!(𝑧) are the pump (corresponding to 
forward and backward) and the signal power at position z; 
 
Fig. 1.  Simplified energy level diagram of Tm3+ ions displaying. The pump 
and laser transitions are indicated as solid arrows together with the energy 
transfer mechanisms. The dash lines represent the cross relaxation process C. 
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3 
ASEf(z) and ASEb(z) are the forward and backward amplified 
spontaneous emission power at position z. Meanwhile, the 
power distributions of the pump light and the signal light 
along the fiber length can be expressed by the following 
propagation equations: 
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The positive sign in (9) relates to the forward direction and 
negative sign to the reverse direction. The distribution of the 
ASE power along the fiber length can be established as 
follows [22,23]: 
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Where αp and αs are the intrinsic absorption at the pump and 
signal wavelength for the Thulium-doped fiber, respectively, 
∆λ is the bandwidth of the amplified spontaneous emission 
(ASE) around 2 µm. 
B.  Model for indirect pumping scheme 
When the 3F4 thulium energy level is pumped directly, the 
system of rate equations includes the cross-relaxation 
mechanism. The general rate equations for the thulium energy 
levels at any point along the length of the fiber are given by 
eq. (13-15). Based on Jackson [21] and under different 
approximation conditions include neglected the population 
inversion of 3H5 energy level and the influences of the power 
up conversion process [24,25]. 
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The term expressions of ws01, ws10, ASEf and ASEb can be 
taken from in-band pump model. Only the power distribution 
of the pump light along the fiber length is different. The de-
excitation of the 3H4 energy level in this pumping approach is 
omitted because there is no overlaps of the fluorescence 
emission spectrum with a portion of the pump absorption 
spectrum as in Fig.1 and therefore the pump distribution can 
be established as follows: 
dpp
±
dz
= ∓ pp
± (z)[ Γ p (σ a (λp )N0 (z))+α p ]                          (16) 
Note that the positive sign refers to the reverse direction and 
the negative to the forward direction. 
III. RESULTS 
At the steady condition, the time derivatives of eq. (1) to (3) 
for in-band pumping and (13) to (15) for indirect pumping are 
set to zero. All pump and signal power equations are first 
order differential equations, and the Runge-Kutta method is 
applied to solve the differential equations. Initially, the entire 
population is assumed to be at the ground level 3H6 in the 
numerical calculations. The ode45 and fsolve Matlab 
functions are applied to solve the first order differential 
equations and the nonlinear equations, respectively. We use 
thulium-doped fiber (TmDF200) as an active fiber in these 
simulation and spectroscopy parameters of this fiber are 
summarized in table I [26]. Note that the cross relaxation 
parameters, the value of intrinsic absorption at the signal 
wavelengths and pump wavelength 793 nm  are taken from 
[27]. We also calculate the absorption cross section of pump at 
793 nm from the following eq. [28]: 
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p
p
p TN
α
σ =
Γ
                                  (17) 
 
 
 
TABLE I 
VALUES OF NUMERICAL PARAMETERS 
Symbol Quantity Value 
NT Thulium concentration. 8.4×1025 m-3 𝜏1 Lifetime of level 3H4. 650 µs 𝜏3 Lifetime of level 3F4. 12 µs 
λp1 In-band pump wavelength. 1570 nm 
λp2 In direct pump wavelength. 793 nm 
λs Signal wavelength. 1840 nm 
σa(793nm) Laser absorption cross section at 
793nm. 
7.8×10-25 m2 
σa(1570nm) Laser absorption cross section at 
1570nm. 
2×10-25 m2 
σa(1840nm) Laser absorption cross section at 
signal wavelength1840nm. 
0.65×10-25 m2 
σe(1840) Laser emission cross section at 
signal wavelength 1840nm. 
3.7×10-25 m2 
A Cross sectional area of the core. 3.01×10−11 m2 
αp(793nm) Intrinsic absorption at the pump 
wavelength 793 nm. 
1.2×10-2 m-1 
αp(1570nm) Intrinsic absorption at the pump 
wavelength 1570 nm. 
1×10-2 m-1 
αs Intrinsic absorption at the signal 
wavelength. 
2.3×10-3 m-1 
K0131 Cross relaxation constant. 3×10−23  m3s-1 
K1310 Inverse cross relaxation constant. 2.4×10−24  m3s-1 
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4 
The initial conditions for the pump power, the signal power 
and the ASE spectrum in forward and backward directions are 
shown in table II [29]. The relaxation method is applied to 
solve the boundary conditions and to achieve the accuracy of 
less than 0.01% for the pump, the signal and the ASE powers 
[29].  The thulium-doped fiber of length L is divided into N 
segments along the z-direction. The equations are solving for 
the pump, the signal and the ASE power propagating in the 
first segment (segment 0) by using the above initial conditions 
without considering ASEb. For the following segments 
(segment 1 to N-1), the power for the pump, the signal and the 
ASE at one end of a segment is applied as the input for the 
next segment. Then the whole set of equation are integrated 
back from z = L to z = 0 with initial value ASEb =0 to obtain 
the pump, the signal, ASEf and ASEb power propagating for 
the whole segments as previously illustrated. To improve our 
modeling accuracy, the system is then integrated back and 
forth (from z= 0 to z = L, and then from z = L to z = 0). In our 
simulation,  the iteration of this integration routine will be 
stopped after achieving less than 10-7 of the successive 
solutions difference. Using the data of Table I and the values 
of the emission and the absorption cross-section spectra [26], 
we solve numerically the rate equations of the two pump 
models. 
Initially, we evaluate the optimum thulium-doped fiber 
length for each of the two pumping schemes. The forward 
launched pump configuration will be used in these simulations 
with 27 dBm (0.5 W) total pump power. Figure 2 and 3 
illustrate the theoretical prediction of the output power and the 
residual pump power at in-band and indirect pumping scheme, 
respectively when the fiber core is seeded by a -10 dBm signal 
at 1840 nm. As shown in Fig. 2, the distribution of the pump 
power reaches to zero at its optimum length of 1.25 m when 
pumped at 1570 nm and 0.5 m when indirect pumped (Fig. 3). 
The in-band pumped amplifier needs a longer length of 
thulium-doped fiber because the absorption-cross section at 
pump wavelength 1570 nm is lower than at 793 nm. As a 
result, the amplified spontaneous emission power and the gain 
are high when the pump wavelength is 1570 nm in comparison 
with the indirect pump case as illustrated in Figs. 4-7. 
 
 
TABLE II 
INITIAL CONDITIONS 
Initial condition Explanation 𝑃!!(𝑧 = 0) = Forward launched pump 
power. 
Initial condition for 1570nm 
and 793nm pumps at z=0. 𝑃!!(𝑧 = 𝐿) =Backward  launched 
pump power. 
Initial condition for 1570nm 
and 793nm pumps at z=L. 
Ps (z=0)= seed power.  Initial condition for seed power 
at z=0. 
ASEf (z=0)=0 Initial condition for forward 
amplified spontaneous emission 
at z=0. 
ASEb ( z=L)=0 Initial condition for backward 
amplified spontaneous emission 
at  z=L. 
 
 
Fig. 3 The distribution of pump power (sold line) and signal power (dash 
line) at 1840 nm along the fiber length when the total launch pump power is 
27 dBm and the seed power is -10 dBm at indirect pump. 
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Fig. 4 The distribution of backward ASE power (sold line) and forward ASE 
power (dash line) at 1840 nm along the fiber length when the total launch 
pump power is 27 dBm and  the seed power is -10 dBm at in-band pump. 
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Fig. 2 The distribution of pump power (sold line) and signal power (dash 
line) at 1840 nm along the fiber length when the total launch pump power is 
27 dBm and the seed power is -10 dBm at in-band pump. 
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The last investigation in our study is to obtain the 
wavelength dependence of the small-signal gain and the noise 
figure when the signal wavelength varies from (1730-
1950nm). For every wavelength we calculate the value of Γs 
and choose suitable values of σe(λs) and σa(λs)  according to 
absorption and emission cross-section spectra [26] and applied 
it in our model to calculate the values of  amplified output 
signal, ASEf and ASEb. After that we can calculate at every 
seed wavelength the signal gain (amplified output power/seed 
input power) and the noise figure by the equation [29]: 
 
 1
   
ASEPNF
G G h v v
= +
Δ
                                  (18) 
 
Where G and PASE is the gain and ASE power at the particular 
wavelength, respectively. Repeat this process for each seed 
wavelength and in every time we calculate the signal gain and 
noise figure.  Figures 8 and 9 illustrate the small signal gain 
and noise figure versus seed wavelengths in-band pump and 
indirect pump scheme, respectively. Note that the pump and 
seed power is fixed at 27 dBm and -10 dBm, respectively for 
both cases of pump wavelengths. And also, 1.25 m and 0.5 m 
are the fiber lengths for in-band pump and indirect pump 
schemes, respectively.  For in-band pumped amplifier the 
maximum gain signal reaches to 30 dB at 1840 nm with a full 
width at half-maximum (FWHM) bandwidth of 160 nm. 
Considerable lower gain and narrower bandwidth is obtained 
when using an indirect pumping scheme. As shown in Fig 9 
only 22 dB maximum signal gain at 1840 nm is obtained with 
a FWHM bandwidth of 150 nm. The reason for the variation 
in the signal gain with respect to the seed wavelength is 
mainly because the emission cross-section reduces rapidly out 
of a certain range. Therefore the seed wavelength should be 
selected near the emission cross-section peak to produce high 
amplification. Thus it is important to give more attention in 
the selection of the seed wavelength. In addition, the value of 
the noise figure is around 6-6.5 dB between 1750-1950 nm at 
both pump schemes. 
 
Fig. 5 The distribution of backward ASE power (sold line) and forward ASE 
power (dash line) at 1840 nm along the fiber length when the total launch 
pump power is 27 dBm and  the seed power is -10 dBm at indirect pump. 
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Fig. 6 The distribution of signal gain at 1840 nm along the fiber length when 
the total launch pump power is 27 dBm and  the seed power is -10 dBm at in-
band pump. 
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Fig. 7 The distribution of signal gain at 1840 nm along the fiber length when 
the total launch pump power is 27 dBm and  the seed power is -10 dBm at 
indirect pump. 
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Fig. 8 Small signal gain and noise figure versus seed wavelength when the 
total launch pump power is 27 dBm and the seed power is  -10 dBm at in-
band pump. 
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IV.  MODEL VALIDATION 
To evaluate the accuracy and versatility of the model, it is 
necessary to compare our numerical results with the published 
experimental measurements. We use the model in a 
bidirectional configuration to demonstrate the wavelength 
dependence of the small-signal gain of TDFA at in-band pump 
with and without the cross relaxation influences CR, and to 
compare with the experimental results, which is reported in 
[30]. In fact when the active fiber has low thulium ion 
concentration the cross relaxation effect can be neglected 
[23,31]. In this paper we consider a commercial thulium doped 
fiber with sufficient thulium ion concentration to note the 
presence of the cross relaxation and it should be taking into 
account in the model. For a fair validation, we demonstrate a 
bidirectional configuration which is denoted as TDFA-A 
schematic in [30]. We choose the same pumped wavelength at 
1570 nm and the spectroscopy parameters of thulium-doped 
fiber (TmDF200). In addition, we take the influence of the 
insertion loss of WDM coupler and isolator from the 
experimental work, which used a customer coupler with only 
1 dB insertion loss of pump power. Also, according to the 
schematic of this coupler [30], the insertion loss of the seed 
power (1750nm-1950) is approximately 1 dB which loses 
20.5% of the seed input power. We also take into account the 
wavelength dependence loss of the isolator from the schematic 
insertion loss [30] and apply it in both the seed input power 
and amplified output power. The total launched power for 
each direction equals to 24 dBm, the seed input power is -20 
dBm and the thulium doped-fiber is 1m. The only assumption 
in our model is the intrinsic absorption at signal wavelengths 
and according to our numerical investigation it has a small 
impact on the results. 
 Figure 10 illustrates the small signal gain of our model 
with and without CR together with experimentally measured 
values. The maximum signal gain at 1840 nm is 36 dB when 
ignoring the cross relaxation in the modeling. In contrast, the 
maximum signal gain is 35 dB when taking into account the 
cross relaxation which is overlapping with the experimental 
work. Overall an excellent agreement is achieved between our 
modeling and the experimental findings with small variations 
due to possible splicing and connector losses. 
V. CONCLUSIONS 
We have presented a theoretical model of thulium-doped 
fiber amplifier around 2 µm for in-band and indirect pumping 
scheme. Based on a set of rate and propagation equations, a 
MATLAB program is developed with Runge-Kutta method to 
investigate the static behavior of the TDFA. The model 
provides the influences of the ASE noise, cross relaxation, 
fiber length and wavelength of the seed into the TDFA 
performance. This is the first time to our knowledge that a 
theoretical study of TDFA around 2 µm considering the 
influence of cross relaxation mechanism under different pump 
wavelengths has been thoroughly investigated.  
The simulation results show that the signal gain at the in-
band pump is higher than at the indirect pump with similar 
noise figure around 6 dB under the same conditions. In case of 
the in-band pump, the maximum gain reaches to 30 dB at 
1840 nm seed wavelength with pump power of 27 dBm and 
signal power of -10 dBm. In the case of an indirect pump, the 
maximum gain is only 22 dB under the same conditions. As a 
result, TDFA pumped at in-band pump is more efficient with 
core pumped thulium-doped silica fiber. Finally, it is essential 
to pay more attention to the selection of the seed wavelength 
in the design of TDFA as high amplification gain can be 
achieved when the selection wavelengths are near the centre of 
emission cross-section curve. The model is validated with 
previous experimental work. Our simulations are consistent 
with the experimental findings with small variations only 
possibly due to splicing and connector losses, which gives 
confidence in the obtained results. 
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